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Antiderivatives
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Antiderivatives

Definition
A function F is called an antiderivative of a function f on an interval [ if
F'(x) = f(x) for all x in I.

Theorem
If F is an antiderivative of f on an interval /, then the most general

antiderivative of f on [ is
F(x)+c

where C is an arbitrary constant.

® Example : An antiderivative of f(x) = x°
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Antiderivatives
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Antiderivatives

1
The general derivative of f(x) = x? is §x3 +C
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Each of these curves must have the same slope at any given value of x.
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Antiderivatives
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Some Obvious Antiderivatives

If f(x)="---, then F(x) =--- is an antiderivative of f :
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Calculating Simple Areas

® Area of rectangle: A=w x /

bx h
2

PN

b

® Area of a triangle :A =
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Areas
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Calculating Simple Areas

at+b

® Area of a trapezium: A= h x

= N

8

e Area of circle : A= 1 x r?
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Areas
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Calculating (less simple) Areas

® Area of a polygon : divide the polygon into triangles and add the
areas of the triangles: A= A1 + Ao+ A3+ Ay

® What about the area of a region with curved sides?

_y=flx)
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The Area Problem

The Area Problem

Find the area of the region S bounded by the graph of a continuous
positive function f, the vertical lines x = a and x = b, and the x-axis.

® |dea: approximate the region S with rectangles, increase the number
of rectangles, take the limit of the areas of the rectangles.
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The Area Problem

Example

® Area under the parabola y = x? from 0 to 1
® We divide S into four strips and approximate each strip by a rectangle

y b

R4 = the sum of the areas of the 4 rectangles

R SNE DS S A SN S A S
4 \4 4 \2 4 \2 4
15

= — = 0.4687

ey 0.46875
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The Area Problem

n=10 R,=07385 n=30 Ry=0.3502 n=50 Ry,=0.3434

If we keep increasing the number n of rectangles, Rn will get close to a

particular value (0.33333... in this case).
We define the area A to be the limit of the sums of the areas of the

approximating rectangles :
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The Area Problem

Definition
The area of the region S that lies under the graph of the continuous
function f is the limit of the sum R, of the areas of the n approximating

rectangles :
A= lim R,

n—o0
The previous limit, if it exists, is called the definite integral of f from a
to b :

b
/ f(x)dx = lim R,

n—oo

If it does exist, we say that f is integrable on [a, b].

The previous sum R, is called a Riemann sum.
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The Definite Integral
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The Definite Integral

If f takes on both positive and negative values:
y

y=flx)

Interpretation of the definite integral
b
/ f(x) dx = A1 — Ay = The net area
a

where
A1 = The area of the blue region
Az = The area of the light brown region
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The Definite Integral
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The Definite Integral

Properties

. /abf(x)dx:—/baf(x)dx

. /:f(x)dx:0

. /b cdx = c(b — a) where ¢ is any constant

. /b[f(x)+g(x)] dXZ/ab £(x) dx+/abg(x) dx
o 10 - stnax= [ o [ aon

./a ¢ f(x )dx—c/abf(x)dx
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The Definite Integral

The Definite Integral
Some intuitive proofs:

y f+g

area = c(b — a) ! )
[)| a b x 0 4 b X
b b
/ cdx = c(b— a) / [F(x) + g(x)] dx —
a a

/ab f(x)dx—i—/abg(x) dx
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Areas Between Curves
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Areas Between Curves

The area A of the region S bounded by the curves y = f(x) and y = g(x)
and the lines x = a and x = b, where f and g are continuous and
f(x) > g(x) for all x € [a, b] is:

/ [f(x (x)] dx

y y=f(x)
S
0 b X
0 X QJ_
— - y=g(x)
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Areas Between Curves
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The fundamental theorem of Calculus

How are definite integrals and antiderivatives connected ?

Theorem

Suppose that f is continuous on [a, b], we have:

/b f(x)dx = F(b) — F(a)

where F is any antiderivative of f, that is, a function such that F' = f.

F(b) — F(a) is denoted F(X)

Examples:

b
a

3 6
° /1 exdx:exj:e3—e '/3)1(dx_In(x)z_ln(6)—ln(3)_ln(2)

Juliana Pinillos (Sciences Po) Intermediate Level November 24, 2020 17 /22




Areas Between Curves
[elel)

Examples

Evaluate the following integrals :

4
A.6/ 2xeX2dx

2 —4
A.l / (8x® + 3x) dx 9
1 AT / LI
1 o o xIn(x)
A2 /0 (1—x7)dx A.8 Find the area of the shaded
9 5 region
-2
Az [ VX2 M oymse
1 X |
! 2\5
A.4 / y(1+y%)dy 4,4)
o1 \.\
A5 / (1 —x)? dx y=x\
0 \
"". Y
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Application to Integration

The Lorenz curve is a graph of income inequality that shows what
percentage of a country’s income or wealth is being earned by a
percentage of the country's households or population.

Properties
A Lorenz curve is the graph of a
function f having the following
properties :
® f is defined, continuous and
increasing on [0, 1].
e for all x € [0,1], 0 < f(x) < x
(f is under the line y = x)
e f(0)=0and f(1)=1

x = Population fraction
y = Income fraction

(0.4,0.12)

0 02 04 06 08 1 X

v
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Application to Integration

Lorenz curves and Gini coefficient

How to read a Lorenz Curve?

l__

/ ® 40% of the population received
just 12% of the total income.

® 80% of the population received
50% of the total income.

0.4.0.12) ® The greater the inequality, the
- more the line curves away from
O/ 02 04 06 08 1 ¥ the diagonal y = x

x = Population fraction
y = Income fraction

Juliana Pinillos (Sciences Po) Intermediate Level November 24, 2020 20/22



Application to Integration

Lorenz curves and Gini coefficient

Gini index
The Gini coefficient G (or Gini index) is the area between the Lorenz

curve L and the line y = x (shaded region) divided by the area under the
line y = x.

area of the shaded region
1/2
G = 2 x (area of the shaded region)

Gini Index

1
G:2/0 [x — L(x)] dx

X
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Application to Integration

Lorenz curves and Gini coefficient

‘ Increasing Gini coefficient < Increasing the wealth inequality

income
fraction

Juliana Pinillos (Sciences Po)

population fraction

1 x

Extreme cases
¢ perfectly egalitarian society :
everybody has the same income.

® perfectly totalitarian society :
a single person receives all the

income. )

What is Lorenz curve and Gini
coefficient in both cases ?
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